Low dissipation, tunable coupling to other quantum systems, and unique features of phonons in the aspects of propagation, detection and others suggest the applications of quantized mechanical resonators in phonon-based quantum information processing (QIP) in a way different from their photonic counterpart. In this paper, we propose the first protocol of entanglement concentration for nonlocal phonons from quantized mechanical vibration. We combine the optomechanical cross-Kerr interaction with the Mach-Zehnder interferometer and, by means of twice optomechanical interactions and the photon analysis with respect to the output of the interferometer, achieve ideal entanglement concentration about less-entangled nonlocal phonon Bell and Greenberger-Horne-Zeilinger states. Our protocol is useful for preserving the entangled phonons for the use of high quality phonon-based QIP in future.
advantages with low dissipation and tunable coupling to other systems, mechanical resonators and their complex, such as optomechanical systems [31, 32, [37] [38] [39] [40] [41] [42] [43] and hybrid solid phonon-spin systems [44] [45] [46] [47] [48] , have been applied to storage, transducers and sensors in QIP [49] [50] [51] [52] , and to build scaling-on-chip phononic quantum networks [53, 54] .
Phonon entanglement is generated with quantized mechanical vibration modes and, on this subject, there are already some important works [26, [28] [29] [30] . In this paper we focus on how to preserve the phonon entanglement based on the concept of entanglement concentration. The most existing ECPs were designed for photons, which work with linear or nonlinear optical elements and photon-detectable instruments. Because there are not phononic linear elements, phonons cannot be operated as photons can, and the photonic ECPs do not apply to the phonons. In the present investigation, we propose the first ECP for entangled nonlocal phonons. In this protocol, phonons are operated indirectly by controlling photons via optomechanical interaction, so that the original partially entangled two-phonon state is converted to the Bell state or, similarly, a partially entangled threephonon state to the Greenberger-Horne-Zeilinger (GHZ) state. In details, 4 steps need taking in our ECP. In step 1, using the combination of an cross-Kerr optomechanical system with a Mach-Zehnder interferometer, we obtain the maximally entangled phonon state with a certain successful probability, where the dimension of this phonon state is two times as large as that of the original state to be concentrated for entanglement. In step 2, using the second optomechanical interaction to drive the antiStokes transition, we map the state of the whole system onto a phonon-photon state. Then, after all the users, including Alice, Bob and so on, make a Hadamard gate operation on their own photons in step 3 and detect photons with photondetectors as well as share the detection results in step 4, we complete the entanglement concentration about that less-entangled multi-phonon state.
This article is organized as follows: In Sec. II, we give a description of optomechanical measurement and show how a partial-entangled nonlocal two-phonon state becomes a Bell state by applying our ECP. In Sec. III, we extend our ECP to the multiuser GHZ state and give two simple remarks about the feasibility of our protocol. A summary is given in Sec. IV.
Schematic diagram of step 1 used in the ECP. uj (vj) (j = 1, 2) are 4 mechanical oscillators, among which u2 (v2) acts as the end-mirror of the Fabry-Perot cavity CA (CB). BS1 is a beam splitter through which a photon p is sent into CA and CB at equal probability. Beam splitter BS2 together with BS1 and two cavities constitute a Mach-Zehnder interferometer used for orthogonal postselection. All elements on the left of vertical dashed line are used by Alice, while those on the right by Bob.
II. ENTANGLEMENT CONCENTRATION FOR PARTIAL-ENTANGLED NONLOCAL PHONONS
We assume that the partial-entangled nonlocal phonons under the consideration of entanglement concentration are in a state shared by two remote mechanical resonators b 1 and b 2 , and fulfils . Four steps are designed in our phononic ECP. In step 1, as shown by Fig. 1 , we introduce an auxiliary phonon state which is exactly the same as the state, Eq.(1), to be concentrated. The phonons in these two states come from two pairs of resonator modes u 1 v 1 and u 2 v 2 held respectively by Alice and Bob, and are described by
It is now needed for Bob to obtain from Eq.(2) a maximally entangled 4-phonon state by performing single photon postselection via the optomechanical interaction. To this end, considering an optomechanical system with a cross-Kerr interaction between the mechanical resonator and the optical cavity which, in the rotating frame, is describe by the Hamiltonian [55-57]
are the creation (annihilation) operators for the cavity and the mechanical resonator, respectively. ∆ is the effective mechanically modulating detuning of the cavity, ω m is the mechanical frequency of the resonator and g denotes the effective coupling between the mechanical resonator and the cavity. Under the action of Hamiltonian Eq.(3), a Fock state of a phononphoton system evolutes with the phase accumulation in the way
where the |0 c (|1 c ) and |0 b (|1 b ) represent the ground (first excited) state of cavity mode c and mechanical resonator mode b, respectively. Here, we have introduced the phases θ 01 = ω m t, θ 10 = ∆t and θ 11 = (ω m + ∆ − g)t.
By applying the operation Eq.(4) to state Eq. (2), that is, as shown in Fig. 1 , letting a photon entering the cavity A or B, the state of the whole phonon-photon system will evolve into
where |i 1 i 2 AB (i 1 , i 2 = 0, 1) means the photon state with i 1 (i 2 ) photons in cavity A (B). If an photon is detected at the dark port after the second beam splitter BS 2 , an orthogonal postselection is performed with the single-photon state |ψ f = 1 √ 2 (|10 AB − |01 AB ). Then, the final state for the mechanical resonators becomes
where ξ(t) is ξ(t) = e −i(ωm+∆)t (1 − e igt ). Therefore, the maximally entangled state between four mechanical resonators u 1 , u 2 , v 1 and v 2
can be obtained with successful probability
At time t = (2n1+1)π g [55] , we can get the maximal probability
In step 2, as shown in Fig. 2 , two red-detuned pump pulses are input to cavities B and C to drive the antiStokes transition, respectively. In this process, an antiStokes photon is emitted with annihilating a phonon. In fact, it has been well realized experimentally to transform a phonon into a photon via an anti-Stokes process [30] . The corresponding interaction Hamiltonian is
whereĉ j (j = 1, 2) is the photon annihilation operator of the cavity mode C if j = 1 or B if j = 2, andv j (j = 1, 2) is the phonon annihilation operator of the resonator mode v j . G is the coupling strength between the jth mechanical resonator and the driven cavity after linearizing treatment. With this Hamiltonian, the mechanical resonator state, Eq. (7), can then be mapped onto a phonon-photon state
Schematic diagram of steps 2-4 in the ECP. uj (vj) (j=1,2) are 4 mechanical oscillators, among which v1 (v2) acts as the end mirror of the Fabry-Perot cavity CC (CB). Letter P means the input pump laser used for driving the anti-Stokes sideband interaction in the photon-phonon systems. The inset shows the frequency relationship between the pump field (green arrow) and the cavity mode (red line). Letter H represents Hadamard gate operation of a photon in step 3, and Dj (j = 1, 2) is the photon detectors required in step 4. All elements on the left of vertical dashed line are used by Alice, while those on the right by Bob.
In step 3, as shown in Fig. 2 , Alice and Bob perform a Hadamard gate operation on photons C and B, respectively. The state of the composite system becomes
In final step 4, Alice and Bob use photondetectors to detect the photons and share the detection results. Up to now, the ECP is accomplished. What they obtain is the maximally entangled phonon state
if their photon counting results are different, or
if the photon counting results are same. The photon state |ψ 6 can be transferred to |ψ 5 via a π-phase operation about anyone of phonons. All the steps of entanglement concentration shown above are listed in Table I . 
III. ENTANGLEMENT CONCENTRATION FOR LESS-ENTANGLED GHZ STATE OF PHONONS
In this section we extend the above investigation about the two-resonator case over multi-resonator one, and consider how a less-entangled GHZ state of phonons is concentrated for entanglement. Figure 3 is the schematic diagram of the scheme, where the mechanical resonator x j (y j ) belongs to Alice if j = 1, Bob if j = 2 and Charlie if j = 3. Initially, Alice, Bob, and Charlie share two pairs of less-entangled tripartite GHZ states
with |α| 2 + |β| 2 = 1. Firstly, Bob combines the optomechanical cross-Kerr interaction with the Mach-Zehnder interferometer to realize the maximal entanglement between the six mechanical resonators by detecting an output photon at the dark port. A photon is then sent to the interferometer of BS 3 , and its state after BS 3 be-
. When a photon enters cavity D or E, the composite state of the system will evolve to
If an output photon is detected at the dark port, the single-photon state
The final state of the six mechanical resonators is
The maximally entangled state can be obtained with a successful probability of postselection, Eq. (8), and reads
At time t = 2(n1+1)π g , the successful probability becomes maximal as shown by Eq. (9) .
Secondly, each of these three cavities E, F and G are pumped with an anti-Stokes light respectively to project the mechanical state into the optical cavity state
Here |i cj (i = 0, 1 and j = 2, 3, 4 for c 2 = E, c 3 = F , and c 4 = G) is the projected Fock state of i photon in cavity c j . Then all the users make a Hadamard gate operation on their photons and get
When the photon counting is an odd number of |1 after detection, the state of the mechanical resonators collapses to
On the contrary, if the photon counting is an even number of |1 , the state becomes
The photon state Eq. (22) can be transferred to state Eq. (21) and vice versa via a π-phase operation performed by anyone of these three users about phonons. By now, we have accomplished the entanglement concentration for the less-entangled GHE state Eq. (15) . Before ending this section, we make two remarks to the experimental feasibility about our protocol. The first is that in our protocol, the optomechanical interaction plays an essential role, because the quantum nondemolition measurement and the gate operations of phonons require that the mechanical resonators must be operated indirectly, while this could easily be achieved via optomechanical interaction. Recent investigations have confirmed the possibility of the above phonon operation by applying the cross-Kerr effect between photons and phonons via optomechanical interaction [55] [56] [57] . Second, it is stated that photon-postselection performed at the dark-port of a bean-splitter in step 1 is an important operation of the ECP for the multiuser GHZ state. We can use the quantity, the photon arrival probability density (PAPD), to estimate the probability of a successful postselection. The PAPD can be calculated based on the formula [58] 
where t is the time after the photon releasing from an optical cavity, κ the decay of the cavity, κexp(−κt) the probability density of a photon, and 2|αβ| 2 sin 2 ( gt 2 ) the probability of a successful postselection at t. P tot is the overall single photon probability for creating the state |ψ 2 shown by Eq. (7) and is described by
We plot the PAPD versus time t p (= gt 2π ) in Fig. 4 . It is shown that ω m ≥ 90κ should be satisfied to obtain the observable oscillations of the arrival rate in an optomechanical cavity. The scheme should work in the resolved-sideband regime if the noises from the dark count rate of the detector are taken into consideration. For instance, as we choose ω m = 2π GHz which can be realized by a suspended bulk acoustic resonator [30] , g = 3.33 × 10 −2 ω m and κ = 1/90ω m , the probability of the successful postselection, Eq.(24), is approximately 0.8997|αβ| 2 . The window for detectors receiving photons is approximately 1/κ, thus the dark count rate should be less than 0.8997|αβ| 2 κ. The current best silicon avalanche photodiodes have a dark count rate of ∼ 2Hz, which means that |αβ| 2 ≥ 3.184 × 10 −8 is need to be satisfied for the optomechanical device with ω m = 90κ.
IV. SUMMARY
In summary, we proposed a protocol for nonlocalphonon entanglement concentration both for the Bell state and the GHZ state. We use the optomechanical cross-Kerr interaction and the Mach-Zehnder interferometer to postselect two phonon pairs with maximally entangled states by detecting the photon output at the dark port of the interferometer. After transforming phonons to photons via another optomichanical interaction and making the Bell-state analysis, we derive the maximally entangled phonon states shared by nonlocal users, such as the Bell state and the GHZ state, by making the Bell-state analysis. Entanglement is a basic resource for various QIPs and our work is useful in realizing those phonon-based QIPs.
